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ABSTRACT. In this paper, we give some strengthened results on Gerretsen’s inequalities, and es- 
tablish a parameter form for Gerretsen’s inequalities by using power series. 


1. INTRODUCTION AND NOTATIONS 


In practice we assume that s denotes the semi-perimeter of triangle ABC, R the circumradius, 
r the inradius, and (2n — 3)!! =1-3-5---(2n —3). In addition we have (—1)!! = 
In 1953, J.C.Gerretsen [1] obtained the following important double inequalities: 


Theorem 1.1. In every triangle we have the double-sided inequality 
(ia) 16Rr — 5r? < s? < 4R? + 4Rr 4 3r?. 


Gerretsen’s inequality (1.1) has broad applications in geometric inequalities, and is a powerul 
tool of research in geometric inequalities. It is as important to geometric inequality theory as 
Holder’s inequality is to analytic inequality theory. 

The purpose of this note is to present a simple but powerful form of strengthening Gerretsen’s 
inequalities for triangles. The parameter form for Gerretsen’s inequalities are established by using 
power series. 

2. THE STRENGTHENED FORM OF GERRETSEN’S INEQUALITIES 

In this paper, the following three lemmas are necessary: 


Lemma 2.1. (Basic inequalities for the triangle [2|) In every triangle we have 


(2.1) 2R? + 10Rr — r? — 2(R — 2r)\/ R?2 — 2Rr < s* < 2R? + 10Rr — r* + 2(R — 2r)\V/ R? — 2Rr. 


Lemma 2.2. Assume —1<a2<1and0<a< 1, we have the following power series expansion 


(2.2) (l4+a)*= 14 sae I)(a el eae 
n=1 . 


and the following Bernoulli’s inequality 
(2.3) (l+2)*<l+az 


Lemma 2.3. Assume —1 <a <1, the following power series expansion is well-known 
1 (oe) 
—_ n 
(2.4) = baw 
n=0 
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Theorem 2.1. In every triangle the following inequalities hold 


27(R-2 *(R-2 
(2.5) teewete A ee ie die eat 
R-r R-r 
Proof. Since basic inequalities (2.1) for the triangle are equivalent to the following inequalities: 
(2.6) 16Rr — 5r? + 2(R — 2r)(R—r — VR? — 2Rr) < s? 


<4R? + 4Rr + 3r? — 2(R—2r)(R—r —+/R? -2Rr). 
From Euler’s inequality R > 2r and Bernoulli’s inequality (2.3), we have 


R-r>0O, 0<5— <1, 
and 
2 
—2 
R-r-—vVR?-2Rr=(R-r) f ae 


r2 r \? r? 
>=(R = ——__., 
(one|- ae” (Gs) 2(R—r) 
According to (2.6), it is easy to obtain (2.5). The proof of Theorem [2.1] is completed. 


The inequalities (2.5) were also proved by Xue-zhi Yang in [4], by the use of appropriate trigono- 
metric inequalities. 
Now, we will give a generalized result: 


1 1 


Theorem 2.2. In every triangle we have the following inequalities 


(2 7) ieirosPesaogy a r 2n—-1 . 2 
| n=1 Vim R-r —_ 
= 2n — 3)!! ip 2n-1 
< 4R? 2 _ ( | 
Sa gee per sae > n— Tp] (Go) 


Proof. In (2.6), we have obtained the following equality: 


R-r—V/R?—2Rr=(R |i 1 | 


(Rr)? 


Let 
Tr 


R-r 


R-r—-\VR?-2Rr=(R-r)(1- V1—2?). 


From the power series expansion (2.2), we have 


1  (2n — 3) !! 
Vl-2=1 a? el -) of (C2 @2 1), 


2 Qnrn | 


=2 (0<2<1), 
then 


n=2 
or 


ee) 2n—1 
i a sft ! yin 1] oa ye! (2n —3 *(< ) . 


on 3) 


Therefore the following ne holds 


= < 2n—-—1 
(2.8) R—r—~ VRP 2Rr = Sr ns  (g ) 


Qr—-Iy) —T 
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Combining expressions and we obtain (2.7). Theorem [2.2] is proved. 


Theorem 2.3. In every triangle we have the following inequalities 
(2.9) 16Rr — 5r? + r(R—2r)s < s? < 4R? + 4Rr 4+ 3r? — r(R— 2r)<, 


where 


lee) io) a 2n-1 
= (2n —3) !! Sana r 
— De ge tn) a : is 
m=1 
Proof. From the power series expansion (2.4), we have 
r i ap 4 r _ a _ r ue 

2.10 = 1 — = oie 1 os 

( ) R-r na ( a) eee Cae y (a) 


Combining expression and we immediately get (2.9). Theorem [2.3] is proved. 


3. THE PARAMETER FORM OF GERRETSEN’S INEQUALITIES 


In this section, we will establish a parameterised form of Gerretsen’s inequalities. 


Theorem 3.1. Let A be a nonzero real number, in every triangle we have the following inequalities 


(3.1)  —(A—1)*R? +2(\? +524 2)Rr — (44-A)r? + sR —2r)|(1-)R-2rle<rAs8’? < 


(\+1)2R? — 2(0? — 5 +2)Rr+ (4—d)r? (R ar) |(1—2)R—2r | ¢, 


where 
2n-1 


wa (2n-3) ! [(1- dr) R- 2r 
c=) ae 


Proof. When > 0, from inequality (2.1), we have 
2\R? + 10\Rr — Ar? — 20(R — 2r)\V/ R2 — 2Rr < ds? < 
2\R? + 10\Rr — Ar? + 2\(R — 2r)\V/ R? — 2Rr, 


or 
(3.2) —(\—1)°R? + 2(? + 5A 4 2) Rr —(44+A)r? 
+(R — 2r)[(? + 1).R — 2r — 2d1/ R? — 2Rr] < ds? < 
(A +1)°R? — (A? — 5X4 2) Rr + (4— d)r? — (R- 2r)[(A? + 1)R — 2r — 2A1/ R? — 2Rrl, 
From Euler’s inequality R > 2r, we obtain Oe +1)R—2r> 0, and 


- 4)?(R? — 2Rr) 
(0? + 1)R — 2r — 2A R2 — 2Rr = [(02 + 1) RK — 27] | : ‘E +2)R —2rP 


- (1= ?)R— 2)’ 
= [(A? +1) R — 2r] 1 i) aa | 


Let 
| (1—MIR=2 


(1+ )R—2r 


=2(0<a¢< 1), 


then 


(A? +.1)R — 2r — 2 R? — 2Rr = [(4? +.1)R — 2r](1 1— 22). 
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From the power series expansion (2.2), we have 


4 =. (2 yen -1 
; 2 a2: al 
and 
1 (2n — 3)! |(1—A2)R-2r |?" * 
: = 2 ==|(1—)? Qr 
(3.3) (A? +1)R—2r—2AV R? — 2Rr ral MR p>, on) — 


Combining expression (3.2) and (3.3), the inequality (3.1) is see 
If \ < 0, then —A > 0, applying the above result, we “a 


—(=r— 1)7R? + 2807 = 5A +2) Rr —(4=—A)r? + 5(R- 2r)|(1—A’*)R-2rle<As* < 


(—A + 1)?R? — 2(0? +544 2) Rr + (44 A)r? - sR —2r)|(l-)R-2rle 
It is easy to see that above inequalities are equivalent to inequalities (3.1). The proof of Theorem 
[3.1] is completed. 
Theorem 3.2. Let r,t be real number, and A # 2t, in every triangle we have the following inequal- 
ities 


(34) (= 1/7 2 + Abt = 4 Re = 1 4 ON Re Oh eA? 


1 
+5(R — 2r) |(tR — Ar)? — R(R- 2r )| e < (tR— Ar)s? < 
(¢+1)°R? — 2[¢? + (A —5)t+ A+ 2) Rr t [(44 — 1)t + A? — 104 + 4] Rr? — (24? — d)r? 


—5(R—2r)|(4R Ar)? — R(R—2r )le 


where Seed 
ead ‘9 (2n — 3)!! | (tR— Ar)? — R(R- 2r) |“ 
4 4 28 In! | ¢R—Ar)? + RR = 2r) 
Proof. From inequality (2.1), we have 
(3.5) |tR —Ar| [| s? —2R? —10Rr + r?| — 2(R—- 2r)/ R? — 2Rr] <0 


Since (3.5)< | (LR — Ar)(s? — 2R? — 10Rr +r?) | < 2|tR—Ar|(R—-2r)VR?—2Rr 
& (tR — \r)(2R? + 10Rr — r?) —2|tR-—Ar|(R—-2r)VR2-2Rr <(tR—Ar)s* < 
(tR — Ar)(2R? + 10Rr — r?) + 2|tR— Ar|(R- 2r)\V/ R2 — 2Rr, 


that is 
(6) = o1)"R or +O oS re (a ae ae ee ae 
+(R — 2r)[ (tR — Ar)? + R(R - 2r) — 2 |tR — Ar| VR? —2Rr] < (tR—-Ar)s? < 
(¢+1)°R? — 2[e? + (A —5)t+A4 2) Rr t [(44 — t+ d? -— 10+ fee =O =A) 
—(R— 2r)[(tR — Ar)? + R(R — 2r) — 2 |tR — Ar| VR? — 2Rr]. 
According to \ 4 2¢ and Euler’s inequality R > 2r, we obtain (tR — Ar)? + R(R—-2r) > 0, and 
(tR — Ar)? + R(R — 2r) — 2 |tR — Ar| VR? — 2Rr 


4(tR — Ar)?(R?2 — 2Rr) 
[¢R — Ar)? + R(R — 2r)]? 


= [(tR — Ar)? + R(R - 2r)] E / 
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(tR — Ar)? — R(R— 2r)]? 


= [(tR — Ar)? + R(R-2r)] {1 i) | 


Let 


then 
(tR — Ar)? + R(R - 2r) — 2 |tR — Ar| VR? — 2Rr = [(tR — Ar)? + R(R —- 2r)|(1-— V1 — 2), 
From the power series expansion (2.2), we have 


Qr-1ny! 
n=1 
therefore 
(3.7) (tR — Ar)? + R(R — 2r) — 2 |tR — Ar| VR? — 2Rr 
i . 2° (2n — 3)! | (LR — Ar)? — R(R = 2r) "7" 
= 5[(@R— Ar)’ — R(R—2r)] Da | (tR — Ar)? + R(R — 2r) 


n=1 
Combining expression (3.6) and (3.7) we can get the inequalities (3.4). Theorem [3.2] is proved. 
Now, we give some corollaries from Theorem and Theorem [3.2] 


Corollary 3.1. Let »,t be real numbers, respectively, and A 4 2t, in every triangle we have the 
following inequalities 


(3.8) —(t-1)? R342 [#7 +(\+5)t—A+2] R?2r—[(4A 4-1) t+74+10\+-4] Rr? + (22+A)r? < (tR—Ar)s? 
< (t+ 1)?Ro — 2[t? + (A — 5)t +44 2] Rr + [44 — tt d? — 10\ + 4] Rr? — (2? — ddr’. 


Corollary 3.2. Let be a nonzero real numbers, in every triangle we have the following double 
inequality 


(3.9) —(A—1)?R? + 2(\? + 5A + 2)Rr — (44 A)r? < As? < 
(A +1)°R? — 2(\? — 5A 4 2)Rr + (4—d)r?. 
Inequalities (3.8) ,(3.9) include Gerretsen’s inequalities and a lot of new geometric inequalities. 


Corollary 3.3. Let r,t be real numbers, respectively, and A ~ 2t, in every triangle we have the 
following double inequality 


(3.10) —(#—1)?R3 4 2[é? + (A+5)t— AF Q]R2r — [(4\ + 1) t+ dA? +: 10A + 4] Rr? + (2d? + A)r3 


+5(R—2r)|(4R PRR trick Rae < 


(¢+1)°R? — 2[t? + (A —5)t+ A+ 2) Rr t [(44 — 1)t + A? — 104 + 4] Rr? — (20? — d)r? 


—5(R—2r) |(4R \r)? — R(R- 2r )\ s, 


= Cae i \(tR — Ar)? — R(R 20) | 2 ae yn amd 


m=1 n=l 
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Proof. From Euler’s inequality R > 2r, we obtain 

A4Rr Z A4Rr e 
(tR—Ar)?+ R(R+2r) ~ (tR— Ar)? +4Rr 
Using the power series expansion (2.4), we have 
(tR — Ar)? — R(R—-2r) | (tR — Ar)? — R(R—-2r) 


1 


0< 


et) | ((R— Ar)? + R(R—2r) | ~ | @R—Ar)? + R(R +2) || ER—AP)? + A(R —2r) 
_ | @R—-Ar)? — R(R- 2r) 1 
7 | (tR — Ar)? + R(R + 2r) 1 4Rr 
(tR — Ar)? + R(R+ 2r) 
_ | ¢R- Ar)? — R(R=- 2r) |G ARr . 
7 | (tR — Ar)? + R(R + 2r) » Fe —Ar)?+ R(R+ = 


1 =e 2Rr ” 
=oR 2 ale Nee eee 


Combining expression (3.4) and (3.11) we immediately get the inequalities (3.10), and the proof of 
Corollary is completed. 
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